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Sandpile models with onserved number of partiles (also alled xed energy sandpiles) may
undergo phase transitions between ative and absorbing states. We generalize the Manna sandpile
model with xed number of partiles, introduing a parameter −1 ≤ λ ≤ 1 related to the toppling
of partiles from ative sites to its rst neighbors. In partiular, we disuss a model with height
restritions, allowing for at most two partiles on a site. Sites with double oupany are ative, and
their partiles may be transfered to rst neighbor sites, if the height restrition do allow the hange.
For λ = 0 eah one of the two partiles is independently assigned to one of the two rst neighbors and
the original stohasti sandpile model is reovered. For λ = 1 exatly one partile will be plaed on
eah rst neighbor and thus a deterministi (BTW) sandpile model is obtained. When λ = −1 two
partiles are moved to one of the rst neighbors, and this implies that the density of ative sites is
onserved in the evolution of the system, and no phase transition is observed. Through simulations
of the stationary state, we estimate the ritial density of partiles and the ritial exponents as
funtions of λ.
PACS numbers: 05.70.Ln, 02.50.Ga, 64.60.Cn,64.60.Kw
I. INTRODUCTION
Problems related to phase transitions between ative
and absorbing states have attrated muh interest in re-
ent years [1℄. Although these transitions our away
from thermodynami equilibrium, sine the presene of
absorbing states prevents detailed balane to be satis-
ed in the dynamial evolution, the theoretial frame-
work developed for equilibrium phase transition may in
fat be applied to these systems, and onepts suh as
saling and universality are relevant for non-equilibrium
phase transitions as well. It is then of interest to identify
the universality lasses in these systems. Many of the
stohasti models with absorbing states whih show a
phase transition belong to the direted perolation (DP)
universality lass [2℄, inluding the muh studied ontat
proess (CP) [3℄. The so alled DP onjeture [4℄, on-
rmed so far through many examples, states that models
with a salar order parameter exhibiting phase transi-
tions between an ative state to a single absorbing state
and without additional onservation laws should belong
to this universality lass. In models for sandpiles the
number of partiles is onserved and an innite number
of absorbing states is present, and thus they are poten-
tial andidates to belong to a non-DP universality lass.
Careful simulations of the unrestrited Manna sandpile
model [5℄ and the model with height restritions [6℄ lead
to exponents at variane with the DP value.
The Manna sandpile model was originally proposed as
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a stohasti model for SOC, with slow addition of sand
and avalanhes whih lead to abrupt loss of sand [7℄. The
saling behavior in the SOC regime was later reognized
to be assoiated to an absorbing state phase transition in
the orresponding model without addition or loss of par-
tiles (grains of sand), the so alled xed energy sandpiles
(FES) [8℄. In this model, a d-dimensional lattie of size
Ld is oupied by N partiles. A onguration of the lat-
tie is speied xing the number of partiles zi at eah
site i, where zi may be any non-negative integer num-
ber. Sites with zi ≥ 2 are ative, and an ative site may
lose two partiles to its rst neighbors, with a unitary
toppling rate. The two partiles move to randomly and
independently hosen sites among the rst neighbors of
site i. Any state in whih no site has two or more par-
tiles is an absorbing state, and in the thermodynami
limit the number of absorbing states is innite, as long
as the density of partile ζ = N/Ld is smaller than unity.
Numerial simulations [5℄ in fat show that this model in
one dimension undergoes a ontinuous phase transition
at a ritial density ζc = 0.9488 with ritial exponents
whih are dierent from the DP values.
In this paper we study a variation of the original model
where the oupany numbers are restrited to zi ≤ 2.
Eah move of a partile is aepted only if this on-
straint is not violated at the destination site. This ad-
ditional restrition in the allowed ongurations leads to
simpliations in mean-eld alulations and in simula-
tions. Numerial simulations for the one-dimensional re-
strited model lead to a slightly lower ritial density
ζc = 0.92965, while the exponents are ompatible with
the ones found for the unrestrited model [6℄. We gen-
eralize this restrited model by introduing a parameter
whose value is related to the hoie of the destination
2sites of the two toppling partiles. The restrited Manna
model orresponds to λ = 0 and a model where exatly
one partile is sent to eah rst neighbor of the ative
site (in one dimension) is reovered for λ = 1. We all
this latter ase the BTW model, sine it orresponds to
the original Bak, Tang and Wiesenfeld model [9℄ with
onserved number of partiles. In partiular, we are in-
terested in investigating the phase transition in the model
as the parameter λ is hanged.
In the setion II we dene the model in more details.
The numerial simulations whih were performed are de-
sribed in setion III, as well as the results they furnished.
Conlusions may be found in setion IV.
II. DEFINITION OF THE MODEL
We onsider N partiles loated on the L sites of a
one-dimensional lattie in suh a way that eah site i is
oupied by zi = 0, 1 or 2 partiles. Sites with two par-
tiles are ative and the ontrol parameter of the model
is the density of partiles ζ = N/L. The update of the
onguration is started by randomly hoosing one of the
NA ative site of the lattie. The following updates of
the onguration may then our:
1. With a probability (1 + λ)/2 eah rst neighbor
reeives exatly one of the partiles from the ative
site, as may be seen in gure 1.
P= (1+λ)/2
Figure 1: The two partiles of the ative sites are moved to
dierent rst neighbor sites.
If one of the rst neighbors is ative, the partile
whih was hosen to be sent to this site remains
on the original site. If both rst neighbor sites are
ative, no partile movement ours. This assures
that the restrition on the oupany numbers is
always satised.
2. With a probability (1 − λ)/2, one of the two rst
neighbors is hosen with probability 1/2 and both
partiles are moved to this site. If the destination
site is already oupied by one partile, only one
of the partiles originating from the ative site is
moved. If the destination site is ative, no move-
ment is done. An example of suh a transition is
shown in gure 2.
One iteration as desribed above orresponds to a time
inrement of 1/NA. After eah iteration, the list of ative
sites is updated. In the restrited model the density of
P= (1−λ)/4
Figure 2: Both partiles from the ative site are moved to the
same rst neighbor site.
partiles obeys ζ ≤ 2, and when ζ = 2 an additional ab-
sorbing state is reahed. In the unrestrited model there
is no suh upper limit for ζ and no spurious absorbing
state with unitary density of ative sites exists. However,
sine the phase transition in the models ours at partile
densities below unity, this details do not bother us here.
The fat that the restrition on the oupany numbers
implies a redution of only about 2% in the ritial den-
sity of the model reveals that for the unrestrited model
in the superritial region lose to the phase transition
the fration of sites with oupany larger than 2 should
be very small.
The parameter λ is restrited to the interval [−1, 1].
In the upper limit of this interval, the toppling of par-
tiles is deterministi and the model orresponds to a
BTW sandpile with onserved number of partiles. In
the lower limit the number of ative sites is a onserved
quantity in the time evolution of the model, with ative
sites diusing on the lattie. The onservation of the
number of ative sites in this limit is a onsequene of
the oupany numbers restrition and does not happen
in the unrestrited model.
III. SIMULATIONS AND RESULTS
We realized simulations to nd the ritial properties
of the one-dimensional model with height restritions.
The initial ondition, for a given value of λ and ζ =
N/L, is a uniform and unorrelated distribution of the
N partiles on the L sites of the lattie, respeting the
restritions. We studied lattie sizes L between 100 and
2000, performing Nr repetitions with times up to tmax
for a ertain range of densities and eah value of λ. In
our simulations tmax was in the interval [4× 10
4, 2× 107]
and Nr = 2000. Sine in nite systems with absorbing
states the only stationary states are the absorbing states
themselves, to study the transition we are interested in
the quasi-stationary states of the model. Usually, the
simulational determination of this state is hindered by
the presene of the absorbing states, sine onsiderable
utuations will be found in the quantities estimated in
the simulations, partiularly for partile densities lose to
the ritial value. To avoid these drawbaks and inrease
the preision of the estimates of the stationary state we
used the presription for simulation of quasi-stationary
states proposed reently by de Oliveira and Dikman [10℄.
In the simulations, the time evolution of the density
of ative sites ρa is obtained, one example being shown
3in gure 3. A stationary value of this density may then
be estimated for given values of ζ and λ alulating the
mean value of the last 2000 points in suh simulations.
0 50000 1e+05 1,5e+05 2e+05
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0
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0,15
0,2
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ρ a
Figure 3: Example of a simulation of the time evolution of
the density of ative sites. In this ase L = 100, λ = 0, and
ζ = 0.92.
For eah value of the lattie size L, realizing simula-
tions for a range of partile densities ζ, we obtain urves
for the order parameter suh as the one depited in gure
4. It should be mentioned that for eah lattie size the
partile density may assume only a disrete set of val-
ues, but it seems reasonable to interpolate between those
values, assuming that ρa varies ontinuously with ζ.
0,8 0,84 0,88 0,92 0,96 1
ζ
0
0,04
0,08
0,12
0,16
0,2
ρ a
L = 2000
Figure 4: Estimated values of the order parameter ρa as a
funtion of the partile density ζ, obtained for L = 2000 and
λ = 0.
The estimated values of the order parameter as a fun-
tion of the partile density ζ may then be analyzed on-
sidering the following saling relations:
ρa(ζc, L) ∼ L
−β/ν⊥ , (1)
ρa(ζ) ∼ (ζ − ζc)
β . (2)
Here ρa(ζ) denotes the thermodynami limit L → ∞ of
ρa(ζ, L). These saling relations provide estimates for
the ritial exponents β and ν⊥, as well as for the ritial
partile density ζc. To estimate the ritial partile den-
sity and the order parameter exponent β we proeed as
follows: for a given value of L we hoose a ritial value
ζ
(L)
c whih maximizes the orrelation in a linear approxi-
mation for the funtion ln ρa = b+ β
(L) ln[ζ − ζ
(L)
c ], with
ζ > ζ
(L)
c . One obtaining estimates for β(L) and ζ
(L)
c for
dierent values of L, they may be extrapolated to the
limit L→∞. The ratio β/ν⊥ may be estimated diretly
through the relation ln ρa = c+ β/ν⊥ lnL, using values
for ρa at the estimated ritial partile density.
Using the proedure desribed above, we obtained es-
timates for the ase λ = 0, as may be seen in gure 5. We
then realized that the estimates for β may be improved
exluding the smaller sizes in the extrapolation to the
thermodynami limit. A better result for the ratio β/ν⊥
is found if we apply the saling orretion proposed in
[10℄ for the simulation of the quasi-stationary state of the
ontat proess. It seems that the algorithm proposed in
this referene for simulations of the quasi-stationary state
and used in our work implies a saling orretion whih is
harateristi of the model. With these orretions, our
estimates are very lose to the ones in referene [6℄. The
extrapolations with the saling orretion may be seen in
gure 6.
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Figure 5: Extrapolation without the saling orretion for
λ = 0. The estimates are: ζc = 0.92996, β/ν⊥ = 0.2832 and
β = 0.42608.
Repeating this strategy for dierent values of λ, we
nally may obtain the phase diagram of the model, as
well as study the values of the estimates for the ritial
exponents as funtions of this parameter. In gure 7
the phase diagram is shown. Besides the points for the
44 5 6 7 8
ln (L)
-3,2
-3
-2,8
-2,6
-2,4
ln
 (ρ
a)
Figure 6: Extrapolations with the saling orretion for λ = 0.
Correted values for the estimates: ζc = 0.92996, β/ν⊥ =
0.247 and β = 0.41275.
ritial line whih emerge from the simulations, the result
of a 2-site mean eld approximation for the model may
also be seen in the gure. Details of these alulations
will be given elsewhere. The urve whih results from the
mean-eld alulations is always below the results of the
simulations, onrming that when the orrelations are
ignored the size of the ative region in the phase diagram
is overestimated. As λ approahes the limiting value -1,
the results of the simulations get loser to the ones in
the mean-eld approximation, whih leads to ζc = 1/2 in
this limit, even in a one-site approximation. This seems
to be reasonable, sine in this limit the evolution of the
model is dominated by the diusion of ative sites, and
this leads to a mean-eld like behavior. This argument
applies only in the limit of λ slightly above -1, sine as
already notied above when λ = −1, ρa(t) is onstant
and no phase transition is observed.
-1 -0,5 0 0,5 1
λ
0,5
0,6
0,7
0,8
0,9
1
1,1
ζ c
2-sites mean-field approximation
Simulations
Absorbing state
Active state
BTW
Actives sites difusion
Figure 7: Phase diagram of the Manna model with height
restrition parametrized by λ.
In gure 8 we notie that the estimates for the rit-
ial exponents show a rather strong dependene of the
parameter λ, whih may be due to a rossover between
universality lasses in the limits λ → −1, where mean-
eld behavior is expeted, and λ → 1, the onservative
BTW model. In this latter limit, our simulations indi-
ate a rst-order transition at ζ = 1, as may be seen in
gure 9
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Figure 8: Estimates for the ritial exponents β e β/ν⊥ as
funtions of the parameter λ.
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Figure 9: Estimates for the order parameter for L = 500, with
λ = 1, indiating a rst order transition.
IV. CONCLUSION
We studied a generalization of the one-dimensional
Manna model with height restritions and onservation
of the number of partiles, with the inlusion of a pa-
rameter λ whih is related to the two toppling proesses
whih our in the model. When λ = −1 no transition
is found between an ative and an absorbing state, and
5a diusive dynamis of ative sites is found. In the other
extreme λ = 1 the model orresponds to a onservative
BTW sandpile, and our results indiate a disontinuous
transition. We believe that the observed variations in the
ritial exponents may be due to rossover eets in the
two limiting ases of the model.
It is neessary to extend our simulations to values of
λ whih are loser to both limits, in order to nd out if
the exponents approah limiting values. In partiular, it
would be interesting to nd out if mean-eld exponents
are found as λ→ −1. The exponent ration ν‖/ν⊥ should
also be estimated through additional simulations, as well
as the ratio m = 〈ρ2a〉/ρ
2
a, whose value at ζ = ζc is also
universal. We believe the phase transition in the model
to be disontinuous only at λ = −1, but the data we have
olleted so far does not allow us to disard the possibility
that a triritial point exists for some value of λ between
0 and 1.
We are presently trying to answer these questions, so
that the ritial behavior of this model, whih does not
belong to the DP universality lass, may be better known.
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